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INTRODUCTION
To predict the increase in shear capacity due to FRP strengthening, several analytical models have been proposed. However, when these models are used to predict other researcher's experimental results, they show inconsistencies and large scatters in predictions. A high level of complexity exists in the shear behavior, but lack of accurate material models for FRP strengthened RC members results in these discrepancies. These models are based on test results of simply supported beam specimens with various shear spans to depth ratios. In such tests no region of the specimen is subjected to uniform stres s conditions, Therefore, the results of such tests cannot predict the true pure shear behavior due to non-uniformity of stresses, the presence of flexural, and other non-shear related effects that cannot be filtered out. Therefore, precise shear design theories cannot be developed. The constitutive behavior of RC and FRP were defined independently in these models. The rational behavior, however, should account for the high level of interactions between the concrete, steel and FRP. Also, different parameters that might influence this phenomenon such as the softening of concrete under biaxial stress field, and the representative constitutive laws of concrete, steel and FRP in tension should be considered. Furthermore, the constitutive laws of materials used in conjunction with these models are based on previously developed relations for conventional reinforced concrete elements, which may not be valid for strengthened elements.
Before understanding the behavior of FRP strengthened RC members in complex 3 loading conditions involving shear, the behavior in pure shear conditions must be first understood.
In current design guidelines, the shear capacity of the FRP -strengthened RC members is calculated as a superposition of the shear contribution of concrete, steel, and FRP which were derived independently. However, a high level of interaction exists between these components and different parameters that might influence this interaction need to be taken into account (Bousselham and Chaallal, 2008; Chen et al., 2010) .
The presence of the FRP sheets typically alters the crack pattern which will affect the main characteristics of the concrete material (Zomorodian et al., 2016) .
Specifically, the governing parameters of the softened membrane model needs close investigation. These includes the softening behavior of concrete under biaxial loading, the smeared stress -strain behavior of the constituents of strengthened member including concrete and reinforcing steel , and the post-cracking Poisson ratio, which will be fundamentally different than their corresponding values for un-strengthened specimens. Consequently, different failure modes are observed, which affects the shear strength of the member. The issue is further complex due to the presence of several additional parameters that might influence the behavior; such as the properties of the FRP material, the angle of fiber axis, the interfacial characteristics of fiber -resin and FRP-concrete, the presence of mechanical anchors, and the use of FRP strips a s opposed to continuous sheets. Such additional parameters, arising from the strengthening system, further 4 modifies the observed failure mode, crack pattern, and also influences the constitutive behavior of reinforced concrete.
An efficient method to evaluate the overall shear response of a member , known as the element-based approach, is to identify the characteristic behavior and the contribution of each element and material constituting the structure (Belarbi, 1991; Hsu et al., 1995) . As shown in Fig. 1 , an element subjected to shear stresses is separated from a girder strengthened externally by FRP sheets; by taking into account the inherent characteristics and material laws of the constituents the behavior of that specific element can be predicted . This will ultimately lead to understanding the global shear response of the girder . To define the shear behavior of the element a set of equilibrium equations, compatibility conditions, and materials laws for steel and FRP reinforcements in the longitudinal l and transverse t directions as well as the concrete in tension and compression in the principal 1 and 2 directions, respectively are required. analytical models into finite element programs. Following the element-based approach, during the past decade over 90 panel elements were subjected to monotonic loading to study the shear behavior of reinforced concrete elements. As a result, three analytical models were developed, namely: the rotating-angle softened truss model Hsu, 1994, 1995; Pang and Hsu, 1995) , the fixed-angle softened truss model (Pang and Hsu, 1996; Hsu and Zhang 1997) , and the softened membrane model (SMM) .
To study the shear behavior of FRP-strengthened RC elements, a total of 10 panel elements were subjected to pure shear loading. The experimental behavior of such elements will be presented in a companion paper. A new softened membrane model for FRP-strengthened RC members (SMM-FRP) was developed from the observed behavior. The SMM-FRP is an extension of the SMM for RC members.
To expand the use of the SMM to predict the behavior of the FRP-strengthened RC members subjected to pure shear, new constitutive laws for each material component of the member, namely, concrete, embedded steel, and externally bonded FRP, should be established. The material laws of concrete in SMM -FRP includes:
concrete in tension, concrete in compression, and concrete in shear. The material laws of reinforcements in SMM -FRP includes: steel in tension and FRP in tension.
This paper summarizes the new analytical model by presenting the equilibrium and compatibility equations , the constitutive material model, the concept of biaxial strains versus uniaxial strains, 
Fig. 2. Dimensions of Test Panels

Softened Membrane Model for FRP-Strengthened RC Elements
The SMM-FRP satisfies Navier's three principles of mechanics of materials, namely
(1) the equilibrium equations, (2) the compatibility equations, and (3) the constitutive laws for concrete, steel, and FRP. Fig. 3a shows an FRP -strengthened RC element subjected to in-plane membrane stresses. This element is based on superposition of several components, namely concrete element (Fig. 3b) , steel grid element ( Fig. 3c ) and FRP strip element (Fig. 3d) . Similar to the SMM, two 7 coordinate systems are used in the SMM -FRP, as shown in Fig. 3e . The l-t coordinate system represents the directions of longitudinal and transversal reinforcements. The s 1-2 coordinate system represents the directions of the principal compressive stress (2 -axis) and tensile stress (1-axis). In SMM-FRP, the cracks are assumed to occur along the principal 2-axis. After cracking, the concrete element is divided into several struts that carry compression stress, 2  , in 2-axis, also the tension stress, 1  , in 1-axis (see Fig. 3e-f ). To predict the behavior of the FRP-RC element shown in Fig. 3a , the stress-strain relationships of concrete, steel, and FRP are required in terms of the principal tensile direction (1-axis) and the principal compressive direction (2-axis). In the steel element, since no dowel actions are considered, only constitutive laws of steel in tension (in l and t directions) are required. Similar to the steel reinforcement, the constitutive laws of FRP in tension (in l and t direction) are 8
needed. An FRP-RC element subjected to shear is in the state of biaxial stresses and strains;
therefore, in order to use the uniaxial material laws in the SMM-FRP model, the biaxial strains have to be transferred into uniaxial strain by involving the Poisson ratio. Once the biaxial principal strains  1 and  2 along the direction of applied tensile and compressive loads are evaluated, the Poisson ratios of cracked concrete are required to derive the equivalent uniaxial strains in 1 and 2 directions.
Equilibrium and Compatibility Equations
The three equilibrium equations (stress transformation equations), which relate the applied stresses ( , , and ) to the internal stresses of concrete ( 2 , 1 , and 12 ), 
In Eqns. (1) and (2) The compatibility conditions, defined by Eqns. ( 4-6) contain six variables, namely, , , , 1 , 2 , and 12 . To solve the three equilibrium and the three compatibi lity equations,the stress-strain relationships of concrete, steel rebars , and FRP sheets are required.
Biaxial Strains vs. Uniaxial Strains
To correlate stresses in the equilibrium formulations to strains in the compatibility formulations, the stress-strain relationships of concrete , stee and FRP reinforcements are required. The shear element is in the state of biaxial stress, therefore, the set of strains used in the compatibility equations given in Eq. (4) through Eq. (6) are expressed as biax ial strains. The constitutive laws between stresses and biaxial strains are related to uniaxial strains through the Poisson ratios of cracked concrete. The Poisson effect has to be considered in the softened membrane model since all the material laws were developed based on uniaxial tests . In order to use uniaxial material laws in the SMM -FRP model, the biaxial strains in the shear element are transferred into uniaxial strains by using cos sin 2 2 cos sin
Due to the additional bond action created by the externally bonded FRP sheets, the post cracking Poisson ratios (Hsu/Zhu ratios) are different in case of FRPstrengthened RC members. In previous research conducted by Yang et al. (2015) , the Hsu/Zhu ratio was found to be affected mainly by the post -yielding stiffness in the tensile direction. The ratio was chosen as the parameter to describe the FRP contribution to the post -yielding stiffness. The following equations were proposed for calculating the Hsu/Zhu ratios 12 and 21 in FRP-strengthened RC members:
where sf  is the average tensile strain along the reinforcements in l and t directions, whichever yields first.
Constitutive Relationships of Concrete
In order to use the SMM to predict the behavior of the FRP -strengthened RC members subjected to pure shear, new constitutive laws for each material component of the member have to be established. The material laws of concrete in SMM-FRP includes: concrete in tension, concrete in compression, and concrete in shear. These materials laws were modified based on the tests results presented in this research and tests conducted by Yang et el. (2015 Yang et el. ( , 2017 . 
where, FRP  is the softening coefficient expressed as
A regression analysis of the FRP strengthened RC panels was performed to develop the new function of the deviation angle, β, in the softening coefficient of FRP strengthened RC members (Zomorodian, 2015) . The ascending and descending branch of concrete in tension is given by Eqns. (20a) 
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Fig. 4. Constitutive Relationships of Concrete
By using the smeared crack theory, the cracked reinforced concrete strengthened FRP member can be considered as a homogeneous and isotropic material and therefore assuming that the directions of principle stresses and strains coin cide, the relationship between the shear stress and strain of cracked concrete in the pricnciple 1-2 coordinate system is derived from equilibrium and compatibility equation s. The equation relating concrete shear stress, 12 , and the concrete shear strain, 12 , in the 1-2 coordinate system is given as (Zhu et al., 2001) :
where, 1 and 2 are calculated from Eq. (20) and Eq. (14), respectively; 1 and 2 are biaxial strains in the 1 and 2 directions, respectively.
Constitutive Relationships of Reinforcements
Two reinforcements are used in FRP -strengthened RC members, namely, steel rebars and externally bonded FRP sheets. In SMM -FRP, the smeared tensile stressstrain relationships of steel reinforcement embedded in concrete are similar to SMM. A bilinear expression was proposed by Belarbi and Hsu (1994) to predict the tensile behavior of steel in RC element . The apparent yielding stress ′ was proposed to describe the reduction of yielding stress. The equations are:
(Stage 1):
where,
, where
In the above equations, "s" in the subscript of symbols are replaced by l and t for longitudinal and transversal steel, respectively.
The smeared stress-strain relationship of FRP sheets in the l-t coordinate system is expressed as:
where E fs is the Young's Modulus of Elasticity of the composite, ̅ is the average uniaxial strain of FRP along the fiber direction, and is the ultimate strain of FRP before it ruptures. In the above equations, l replaces s in the subscript of symbols for the longitudinal FRP, and t replaces s for the transversal FRP.
SOLUTION ALGORITHM
The solution procedure for the SMM -FRP is provided in Fig. 5 . There are a total of 
Case study of SMM-FRP Calculation Procedure
To illustrate the calculation procedure of SMM-FRP, panel P4-040-FW is taken as an example.
Before calculations, the input data of the specimen are presented in Table 1 , which includes the concrete compressive strength, ′ , the compressive crushing strain, , the concrete cracking strain, , the bare steel bar yielding strength in transversal and longitudinal directions, , and , respectively, the steel ratios and in transversal and longitudinal direction, respectively, the steel elastic modulus , the FRP reinforcement ratio , and FRP elastic modulus . A computer program is written in MATLAB software according to the solution procedure in Fig. 5 . Table 2 gives the calculated results 
The four points on the curves represent the first yielding point of steel, second yielding point of steel, peak point, and a typical point in the descending branch, respectively. In panel P4-040-FW the effective reinforcement ratio in longitudinal direction was less than the transversal direction, therefore, the first yield point in the shear stress versus shear strain curve is due to the yielding of the transverse steel as shown in Fig. 6a . Fig. 6b shows that the concrete compressive stress v ersus concrete compressive strain curve goes into the descending branch after the concrete compressive strength reaches the peak point. The concrete shear stress versus the concrete shear strain curve is shown in Fig. 6c . After the second steel yields, the slope of the curve decreases up to the peak point. The peak point of the applied shear stress (Fig. 6a) is accompanied by the peaks of concrete properties in Fig. 6b and Fig. 6c , indicating that the compressive strength (Fig. 6b ) and the shear strength (Fig. 6c ) of the concrete are exhausted. The transversal steel tensile stress versus biaxial and uniaxial tensile strain curves are shown in Fig. 6d and Fig. 6e, respectively. In Fig. 6e , it can be observed that the uniaxial steel strain decreases after the peak point due to stress release from the steel rebars. The strains in the transversal steel behave in an interesting way after reaching the peak point; while the uniaxial strain decreases elastically after peak point (Fig. 6e) , the Poisson effect results in the significant increase of the biaxial strain along the descending branch (Fig.6d) . The descending branches are predicted by incorporating the Poisson effect in the SMM-FRP shown in Fig. 6a, Fig. 6b, and Fig. 6c . While the loading history of shear stress versus shear strain curve in Fig. 6a moves from the peak point to a typical point in the descending branch, both the stresses and the strains in the longitudinal steel increase rapidly into the strain-hardening region. Beyond the typical point, the longitudinal and transverse steel stresses decrease. 
APPLICATION OF SMM-FRP TO TEST PANELS
A computer program is written according to th e solution procedure in Fig. 7 . The analytical results gave conservative yield strength predictions due to the small steel reinforcement ratios in transvers al direction. Also, the post crack shear strain was bigger than the experimental results which lead to a higher prediction in the post crack stiffness. This was due to neglecting the bond effect between the FRP sheets and concrete substrate which prevented the cracks from opening and was not considered in the model. The peak point in these panels where predicted to be higher than the experimental results.
The conservative predictions in the yield strength of panel series P3 -FW are caused by neglecting the effect of steel ratio on the softening coefficient. This effect was not taken into consideration as a variable in the softening coefficient for simplicity.
When the steel reinforcement ratio decreases, the concrete struts sustain less stress and less deterioration, and the concrete contribution increases ).
Predictions of other panels which had higher steel reinforcement ratios were satisfactory.
The SMM-FRP model is a smeared model; therefore, the local failure of 
FINITE ELEMENT FORMULATION OF SMM-FRP
Generally, there are two types of finite element modeling for cracked RC members,
(1) the microscopic models and (2) the macroscopic models (Hsu and Zhang, 1997) .
Microscopic models are based on the stress-strain relations of plain concrete and steel. The interactions of reinforcement and steel through bond slip along the reinforcing bars and also through shear -sliding along cracked surfaces is the main focus. Due to the complicated interaction between the components which cannot be modeled either by the simple superposition of the material laws of plain concrete and steel, or by the introduction of bond and shear interface elements, the microscopic modeling is found to be inappropriate for large structures. Therefore, the macroscopic models were developed to overcome this issue. The macroscopic approach, also referred to as smeared crack concept is based on the average stressstrain relationships of concrete and steel where bond slipping an d shear sliding are implicitly included (Hsu and Zhang, 1997) 
where  is the angle between the two coordinate systems.
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Equilibrium and Compatibility Formulations
The equilibrium equations which relate the applied stresses in the The compatibility equations relate the steel and FRP strains in the x i -y i coordinate and the concrete strain in the principle 1 -2 coordinate system, expressed as:
It should be noted that in Eq. (36) Biaxial strains are related to uniaxial strains using the Hsu/Zhu ratios ( 12
proposed by . The biaxial strains of concret e ( 1  
where si E and fi E are the uniaxial tangential modulus of rebars and FRP, respectively, determined for a particular stress/strain state. Dowel action of reinforcements is neglected since it is assumed that the FRP and Steel reinforcement only take axial stresses .
Analysis Procedure of FRP-RC Plane Stress Structures
By using the basic finite element procedure , the tangent element stiffness matrix   e K is evaluated from the tangent material stiffness matrix   D as:
where   B which depends on the assumed displacement function is a matrix that represents the shape function of the element .
To perform nonlinear analysis of RC structures, a n iterative tangent stiffness method was developed by Zhong (2005) . To perform nonlinear anal yses of FRPstrengthened RC structures the method was further modified. A 2D material class named "FRPRCPlaneStress", which is a class for FRPstrengthened RC plane stress material using SMM -FRP, is created and implemented into OpenSees. In FRPRCPlaneStress, the stress vector is calculated. Furthermore, an object of FRPRCPlaneStress material needs the tags of the newly created uniaxial steel and concrete objects of SteelF01 and ConcreteF01, , the steel ratio for the steel in each direction, the directions of the steel reinforcement, concrete compressive strength, steel Young's modulus, steel yield stress, FRP reinforcement ratio, and FRP Young's modulus. Two uniaxial concrete objects are needed in defining one FRPRCPlaneStress object, which represents the concrete in the two principal stress directions.
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In Fig. 10 , the implementation of the FRPRCPlaneSt ress into OpenSees is shown.
The FRPRCPlaneStress is executed with a Quadrilateral element which represents the FRP-RC plane stress elements. The FRPRCPlaneStress is related with ConcreteF0l and SteelF0l to determine the tangent stiffness matrix and to calculate element stresses.
The FRPRCPlaneStress will collect the strains of the elements in each trial, calculate the uniaxial strains of the reinforcements and concrete, then the concrete uniaxial strains and the perpendicular tensile strains are refered to the two previously defined concrete material objects. Furthermore, the concrete object will then calculate the stiffness matrix and corresponding stresses and transmit the values to the FRPRCPlaneStress object. Likewise, FRPRCPlaneStress will send the uniaxial strains of the steel to the uniaxial steel object and receive the stress and the tangent stiffness from the uniaxial steel objects.
The tangent stiffness matrix will be calculated and the stress vectors will be evaluated After receiving the uniaxial stress and stiffness of concrete, steel, and FRP materials. As shown in Fig. 9 , an iterative procedure is defined to obtain the converged material stiffness matrix and stress vector for a given strain vector.
The user can define the degree of freedom o f the node which controls the the solution. The displacement increment for each path of the displacement scheme can vary. To resolve numerical issues in the nonlinear analysis, the size of displacement increment is changed. The FRPRCPlaneStress material is implemented with the quadrilateral element in
OpenSees, which constructs a four-node quadrilateral element object to represent the FRP-RC plane stress four node elements. The four node quadrilateral element object uses a bilinear isoparametric formulation. It should be noted that a standard isoparametric element faces many limitations such as shear locking were the displacement values could be smaller than expected. When the element is subjected to pure bending the term shear locking used to define the development of shear stresses.
Simulation of FRP-strengthened RC panels
In this section, the developed nonlinear finite element program is verified by the experimental results of FRP strengthened RC panels under monotonic shear. The reinforcement grids in all panels were set parallel to the plane of pure shear, as 33 shown in Fig. 11a . The panels were reinforced with different steel and FRP reinforcement ratios.
Since the material properties and stress conditions were uniform throughout all the panels, they were modeled using one 2 -D FRP-RC element as shown in Fig.11b . The boundary conditions and loading scenario are defined to mimic the pure shear loading on the panel elements. In Fig. 12 , the predicted panel responses are compared to the experimental. 
2.
More reasonable compressive and tensile constitutive relationships of FRP strengthened RC members subjected to shear loading that take into account the effect of externally bonded FRP sheets are utilized in the proposed model. 
